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SOME ANALYTICAL CHARACTERISTICS OF THE DISTRIBUTION OF 
AN EXERCISE IN GRADUATION BY THE LOGNORMAL, 

GAMMA AND LOGGAMMA LAWS 

1. INTRODUCTION 

For studying the analytical characteristics of a distribution, 
. . 

ideally one ohould have a random sample of observations from the 

corresponding population. Such a sample makes it possible for us to 

discriminate between alternative forms of distribution, test various 

parametric hypotheses in a rigorous manner, estimate inequality 

measures and in general make probability statements relating to the 

population. Published data on the distribution of land do not 

permit such an analysis. The National Sample Survey (NSS) give 

estimates (see e.g. r9J) of the number of households with owner 

ship holdings belonging to different size-classes; these estimates 
themselves based on sample surveys. Thus what we have are 

areLestimates (for the different States of ~ndia) of the populai- 

tion distribution function ~ ( x )  correspondiw to a fixed set of 

values . x = xi, i = 1, 2....k. Although *fittic&* theoretical 

forms like tklc lognormal law to such data can be done in a conven- 

tional manner it is o3vicus that statistical tests of significance 
I 

are possible only if the underlying sampling distributions - which 
involve the complicated survey designs - are derived. However, one 

can *approximateq the published estimates of ~ ( x )  by different 

theoretical forms rely on ju2gment baaed on some form of a 

distance neasure rather than rigorous tests to discriminate between' 

alternative forms. 



I n  t h i s  paper we s tudy some a spec t s  of i nequa l i t y  i n  t he  

d i s t r i b u t i o n  of land i n  t he  d i f f e r e n t  S t a t e s  of Ind ia  i n  1961-62. 

For t h i s  purpose we have approximated the  NSS estimates of t h e  

population d i s t r i b u t i o n  b y - t h r e e  a l t e r n a t i v e  families of d i s t r i b u -  

t i o n s  v iz .  t h e  lognormal, ,gunma and loggamma laws. Our ana lys i s  

shows t h a t  both the  &a and loggamma d i s t r i b u t i o n s  approximate the  

NSS d i s t r i b u t i o n s  uniformly b e t t e r  than  the  lognormal d i s t r i bu t ion .  

A s  a consequence it i s  poss ib le  t o  ob ta in  a number of i n t e r e s t i n g  

a n a l y t i c a l  cha rac t e r i s a t ions  of t he  i nequa l i t y  i n  t h e  d i s t r i bu t ion .  

F ina l ly  we have a l s o  considered the  problem of es t imat ing  the  

concent ra t ion  r a t i o  on the  b a s i s  of NSS data.  

We may add t h a t  t h i s  paper forms p a r t  of a s tudy on the  

s t r u b t u r e  of l e a s i n g  and the  d i s t r i b u t i o n  of land which i s  pr imari ly  

based on the  fol lowing two empir ical  observations:  

(a) Leased i n  a r e a  appears t o  form z constant  proport ion 
of owned a rea ,  and 

(b) the d i s t r i b u t i o n .  of owned a r e a  and operated a r e a  
(which is owned a r e a  minus lensed out a r e a  p lus  
lensed i n  a r ea )  appear t o  be near ly  i den t i ca l .  

For an*ex.mination of t hese  hypotheses and t h e i r  impl ica t ions  we 

may r e f e r  t o  Raj [11J. I n  a forthcoming paper we have attempted 

t o  make a prec ise  and t e s t ab l e - fo rmula t ion  of (a) and (b)  above; 

we have shown, i n  p a r t i c u l a r , t h a t  the  ' f o m  of the  d i s t r i b u t i o n s  of 

owned and operated area detern ine  t h e  . s t ruc tu re  of l e a s i n g  and 

v ice  versa;  two a l t e r n a t i v e  sets of assumptions on t h e  s t r u c t u r e  

of l e n s i n g  a r e  ahcwn t o  imply t h a t  t h e  d i s t r i b u t i o n  of land nus t  

be of t h e  g m s  o r  loggamma type; t h e  underlying p robab i l i t y  models 

a l s o  expla in  t h e  phenonenon t h a t  c h a r a c t e r i s e s  (b) above. This i s  

the background of the  present  paper. 



2. TFIE TAREE DISTRIBUTIONS 

2.1. Definitions: The lognormal distribution, trusted old friend 

of the economist, needs no introduction. A random variable (rove) 

X has a gamma Cistribution with parameters ( &,A), a > 0, A> 0, 
if it has a density 

and a r.v.Y has a loggamma distribution with parameters (xo, a ,  3 ), 

Xo > 0 ,  @ >  0,~)) 0, if log (Y/x,) has a gamma distribution with 

parameters ( B ,Q )'. A simple transformation of (1 ) shows that the 

density of Y is 

For 8 = 1 (2) reduces to (d/xO) which is a 

Pareto density. Thus the Pareto distribution can be terrried as the 

log e2ponential and the loggamma is a simple generalisation of the 

Pareto law. 

2.2. Moments: We imedietely note that while for the 

distribution all moments are finite it is not so far the 

In fact, if Y has the density g(.) since X = log (y/xo) has 'a 

gamma law, we have 

which is not finite when n > 3 for any value of $ 00). It is - 



easy t o  v e r i f y  t h a t .  

ECY~: = xo n(l + f o r  < -!? 

whcre n is  not ncccss?r i ly  i n t e g m l  valued. 

We a l s o  note  the  following reyr$6uctive property of the 

loggamma which i s  s i n i l z r  t o  the  one enjoyed by tho lognormal 

d i s t r i b u t i o n :  If X and Y have independent 1 o e ; ~ m a  d i s t r i b u t i o n s  

with parameters, (xo,ff; 'h) and '(Y , f! , X)respect ively then the  
0 

\ 

product XY has a loggamma d i s t r i b u t i o n  with parameters 

(xoyo, a + $ , ?. ). mi8 follows from a well-known property of the  

@ m a  l a w .  ( ~ o t e  t h a t  t he  parameter 2: h a s  t o  be . the same f o r  the 

two d i s t r ibu t ions .  ) 

2.3. Lorenz Measure of Concentration: For any non-negetive r.v.X 

with a f i n i t e  f i r s t  moment i f  ,we wr i te  F(.) f o r  the  c u m u l ~ t i v e  

d i s t r i b u t i o n  funct ion (c.d.f,) a m c h  used measure of concentration, 

the Lorenz mecsure, is  given by (see a.6. Ai tch i sm an2 Brow rln 

whore 

i s  a l s o  a c.d.f. which gives tho ' shzre '  9f the  pop&.ticn below 

x i n  th:: t o t a l .  When X R lognormal d i s t r i b u t i c n  with pa rme te4  

()(I , r) i.e. vhan  lo^ X is  d id t r ibu tcd  ~ o r n a l l y  (jr , r) i t  i s  well- 

known f 1J that 

w l i e r ~  $(.) is  the c.d.f. corresponding t o  the standard normal 

d i s t r ibu t ion .  



distribution. 

When F(.) has a density given by (I), substitution of (1) 

in (5) shows that F1(.) corresponds to tho c.d.f. of o gamma 

variate with parameters (a + 1 , ). NCW (4) can be rewritten as 

where U and '1 .are an.arbitrary pair of independent r.v.s with 

c.d.f a 8  F~ (.) "nd 9(. ) reopectivoly. Thus when X is gamma (a , A)  

for computing L we set in (7) a pair of independent g m a  variates 

with 'parameters ( a + 1 , X) m d  (a , A) for U m d  V respectively. 

But In this case u/(;u+v) kca a beta distribution with parameters 

(a + 1, a) <and hence' 

where B(. ,.) is -the beta. function. Now (7) and (8) yield after 

simplif ice-ticn 

which gins ths Lorenz measure corresponding to a gamz distribution 

given by (1). 

For comp1tir.g L correzpondin~ t~ t he  loggamma distribution 

we use a similar procedure. When F(.) has 2. density given by (2) 

-1 -9 we note that the firet moment is finite m d  equds xc(lt & ) 

only when 3 > 1 ; the Lorcnz measure is thus defined m l y  when 7) > 1. 
A substitution of ~(t)dt (given in (2)) for d~(t) in (5) then 

shows that 9,(.) is the c.d.f. of some r.v. distributed as e 



l o g g m a  with parameters (xo, F , 3  +I). We then must compute the 

p robzb i l i t y  i n  equ>ti.cn ( 7 )  i n u e r t i n ~  f c r  U .and V z p?.ir of inde- 

pendent loggamma v s r i a t a c  w i t h  :̂ rzr.:. t ~ r c  (xo, F , 3 + 1 )  .md 

(xo, $ ,3) respect ively.  I n  t h i s '  case  U ' = (9+1) l o g  (u/xo) and 

V '  = $ log  (v/xe) o re  independent and i d e n t i c a l  gamma v a r i a t e s  

with parameters ( p  , 1 )  and hence u ' / (u~+v ' )  has  3 be ta  d i s t r ibu t ion  

(p , p ). It is e a s i l y  v e r i f i e d  t h a t  P(Y/V - /V 1 ) = P [u'/(u'+v') , ( 

(3+1)/(2 9 +l 1 and hccce from (7)  - 

where ~ ~ ( n , n )  stnn5s f o r  the  incomplotr be ta  i n t e g r a l  

Equations ( 6 ) ,  (9) 2nd '(10) e i v e  the  Lorenz measures of 

concentrat ion corresponding t o  the  lognormal, gmn3 and logganms 

laws respectively. ' In  the  case of the  loflormsrl (/G , r) it is 
3 2 

well  knwn f 1 1  t h a t  = l o g  (1 + 7 ) where 7 is the  coe f f i c i en t  

of v a r i a t i o n  (c.v.) of the  d i s t r i b u t i o a  and hence (6) implies 

t h r t  ranking (of different S ta t e s ,  say)  by L i s  equivrllent t o  

rank in^ by tho C.V. Similar ly the  (c.v) carresponding t o  the gamma 

d i s t r i b u t i o n  (1)  is ~ i v c n  by ad'* and i t  i s  easy t o  check t h a t  I 

given by (9) decreases with increas ing  a. Hence even when the 

underlying 4ietr ibutSons are of the  gamma type ranking'by L is 

equivsl&t t o  ranking by the (c.v.). We have not beoc zble  t o  

v e r i f y  >!%ether t h i s  property holds f o r  t he  laggmmc law. 



3.1. Landless households: The three  d i s t r i b u t i o n s  considered here 

a r e  al l  absolutely continuous with respect  t o  Lebesgue measure over 

t h e i r  respect ive supports. This introduces s complication because 

none of these d i s t r i b u t i o n s  can explain the mass at zero i.e. t he  
* 

presence of l and less  households. With respect  t o  tho loggamma 

there  i s  the  f u r t h e r  d i f f i c u l t y  t h a t  it assigns a zero mass t o  [o, xoJ; 

i n  p r inc ip le  t h i s  can be tizken care  of by s e t t i n g  a very small xo > 0 
but  the  problem of t h e  landless  remains. For the  purposes of t h i s  

paper we therefore r e s t r i c t  our approximations t o  the  ranges i n  

which the respect ive d e n s i t i e s  are pos i t ive  although i n  computing 

the  concentration r a t i o s  we attempt t o  make some adjustments t h a t  

tzke i n t o  account the  pos i t ive  mass at  zero. 

3.2. Method of Graduation: Our basic  d a t a  r e l a t e  t o  the  seventeenth 

round of the  NSS (1961-62) and give est imates  f o r  a l l  the  Sta tes  

of Ind ia  of the  number of households belonging t o  d i f f e r e n t  s i z e  

groups of acreege of household ownership h o l d i n p  f 9J; the  

ccrresponding estimated average s i z e  of holding i n  each s i z e  group 

is  a l s o  civcn. Thus while e s t i n a t e s  of the  population mean a r e  

already ava i l ab le  est imstcs  of variances a r e  not. Accordinply f o r  

the  purpose of g r a h a t i o n  we have used the  following procedure: 

* 
In  f a c t ,  t he re  is p rac t i ca l ly  no theory tha t  s iml taneous ly  
explains t h o  forna t ion  of the  ' l .mdlesst  category ma t h e  d i s t r i -  
bution of land m o w  the  'landedt i n  an economy character ised 
by p r iva te  property. Tho present author has made one feeble  
attempt [6J t o  explore the  process of formation of landless  
households under conditions of semi-feudalism. 



(a) Lognorn-a1 d i s t r i b u t i o n :  The f o l l o w i ~ s  a r e  computed f o r  each 

S t a t e  separately:  

h - 1 - = N  -2 "2 Z f i ~ i  and = N-' Z fixi - ,4i 

where f i  = the  NSS es t imate  of number of households belonging t o  

- 
t he  i - t h  s i z e  group, xfi = B, and xi = l o g  zi where xi = t he  . 

IJSS es t imate  of the  average , s ize  of holding of t h e  i r t h  group, a l l  

the sumcations ( h e r e a f t e r  a l s o )  being from 1 t o  k (k  = 13 f o r  a l l  

t he  s t a t e s ) .  
A A 

A lognormal d i s t r i b u t i o n  wi th  parameters (+ , 6 ) i s  then 

regarded es an approximation t o  t he  d i s t r i b u t i o n  estimated by t h e  

NSS. .(we nay add t h a t  i t  i s  poss ib le  t o  de r ive  an approximation by 

ca l cu l a t i r&  t h e  f i r s t  two moments of t he  untransforned d a t a  (i.e. 

X and not  l o g  X )  m d  equat ing them t o  the  noments of a lognormal 

d i s t r i b u t i o n .  We have a c t u a l l y  c a r r i e d  ou t  t h i s  procedure and 

found t h a t  t he  resultinr: approxinat ions  a r e  uniformly poorer than 

those reported i n  t h e  paper. One a l s o  i n t u i t i v e l y  f c e l s  t h a t  if 

i m t e a Z  of Xi t he  corresponding g e o a e t r i c  oeans a r e  used i n  (11) 

b e t t e r  spproxinat ions  would r e s u l t ;  h ~ w e v e r  the  l a t t e r  a r e  no t  

zva i l ab l e ) .  

(3) .Gamma 2 i s t r i b u t i o n :  Eers again we ape t h e  r e l e v m t  sampling 
h 

theory. Let v = lorj - /* where 7 = 2;' fixi, t h e  NSS es t imate  of 
h I ." 

the  p o p l a t i o n  mean end i n  ' the  same as i n  (1 1 ). Then a i s  derived 

by makiw use of T :~blcs  f o r  the maximun l ike l ihood  es t imators  of 

the' parameter a i n  (1 ) correspondire '  t o  t h e  value v (pp.304-'3~5 of 
h 

f i 0 - 7 ) .  Then we set 4 = ;/A .and regnrd thegamma d i s t r i b u t i o n  



A 

( a , h ) as an approximation. F ina l ly  we have used simple l i n e a r  

in t e rpo la t ton  based on the  Xhamis Tables [ 5 _ 7  f o r  obtaining the  

gamma approximations t o  the  number of households i n  the  NSS s i z e  

groups. 

(c )  Lo~~amma d i s t r ibu t ion :  This d i s t r i b u t i o n  can explain the 

frequency of only thbse households t h a t  belong t o  (xo, 4 but xO 

i s  unknown. To circumvent t h i s  problen we t r i e d  ca lcula t ions  with 

x = 0.005 acres  which i s  i n  f a c t  the  smallest  s i z e  t h a t  i s  included 
0 .  

i n  the  NSS estimates. However, the  r e s u l t s  were not sa t i s fac to ry  

and accordingly we chose xo = 1.0 acre  f o r  the purpose of t h i s  
, 

paper. Since the  hypothesis that X has a log  gamma d i s t r i b u t i o n  
i s  equivalent t o  log  X havi a gamma d i s t r i b u t i o n ,  

on (1 , m )fa procedure similar t o  above i s  used a f t e r  making 

the  relevant  logarithmic transformations f o r  deriving the  loggamma 

approximations. 

3.3. Some resu l t s :  For judging the closeness of approximation the 

following measure i s  employed f o r  each of the  three  clistributions: 

where f i  and pi a r e  t h e  number of households in  the  i-th s i z e  c l a s s  

estimated by the  NSS and the  number padua ted  by the  approximating 

l a w  respectively. Although the  ac tua l  computations were made f o r  

the  13 s i z e  c l a s ses  of the  NSS d a t a ,  Table 1 t h z t  follows gives 

the  f igures  f o r  a collapsed s e t  of f i v e  groups;,the corresponding 

d. values (reproduced i n  Table 2) a r e  a l so  computed on the  bas is  

of these f i v e  groups f o r  the lognormal and gamma-laws and the last  

. f o u r  groups f o r  the loggamma d i s t r ibu t ion .  



The e s t i m t e d  distri1)ution of  houschold onnorship h o l d i n e ~  - -- U - .' --. ----.--u 

,.:nc1. sons theoret ica l  a ~ x ~ r n r ~ t i o n ~  

Size l?umber of hous ehol,? s ( i n  thous m. 
*- 

Group Ec t ina ted  AD~: raxi r.atS-*hj - 
(Acres) by 1:SS Ll? G LG 

0- 1 2759 3340 2540 - 
1- 5 1952 f639 1893 2162 

5-1 0 704 470 061 528' 

10-20 447 3 3 1 608 335 
> 20 3 24 406 284 303 ---- 

Eihsr --.. - 

Size  ' ~ u c b c r  of households(in t h o u s d  
Crcup 3 s  t i m z t  eti Approximated by 
(iicres; by 1;SS LR G SG 
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Table 1 ( ~ o n t i n u b d )  

I 

b e  -$umber o f  h o u s ~ - ~ 0 ~ 2 s  ( i n  tho&s&sl 
broup Estimated Appox>rnated 'hy 
( ~ c r e s )  by HSS Ll?' C LG 

Size _ Kumber .-_..._-_--- of  households( in  thousands) 
Group Xstimated Approximate2 by 
k c r e s )  by BSS LN G LG 

Not at is:: -- 
LN = lognorral  



12 

Table 2 ---- 

Measures of diutance _between iJSS est imates  and - -- -.-- ---.-----..- -- 
t h e o r e t i c a ~ s o x i m a t i o n s  -- *.. ... -.- -----.A - 

S t a t e  

Andhra Pradesk! 

Bihar 

Gu j arat 

Jamnu and Kashmir 

k'e rals 

Madhya Fradesk 

Ymdras 

Maharash tra 

Mysore 

Orissa 

Pun j ab 

Rajasthan 

Uttar Pradesh 

Vest Bcmga.1 

- _ I  --. --- 
Value of  d correeponding t o  the  

Lo@ormal Gamma 

i 



1 3  

Table 3 - - 
Parameters of th$e_l $istributione used for approximation 

State 

Andhra Pradesh 

Ass am 

Bihar 

Gujaxat 

Jammu & Kashmir 

Kerala 

Madhya Pradesh 

Maharas htra 

Madras 

Mysore 

Orissa 

Pun j ab 

Rajasthan 

Uttar Pradesh 

West Bengal 

Lognormal 



Since the  NSS e s t i ~ a t c s  aTe given i n  f i p r e s  rounded of f  t o  

thousarid& the  d values (sse (12): w i l l  also be i n  the cane un i t s .  

F ina l ly  Table 3 gives t h e  parameters of the  d i s t r i b u t i o n s  used f o r  

approximati on. , 

Now, T3bles 1 a d  2 c l e a r l y  d3ow t h a t  both the ganms and 

loypnrna d i s t r i b u t i o c s  zpproximate the  NSS d i s t r i b u t i o n  unFformly 

b e t t e r  than t h e  l o ~ n o r n a l  d i s t r ibu t ion .  (we mist =Id t h a t  t h e  d 

values tor:-espondiw t o  the  lo&zanma are, . s t r i c t l y  sycakim,  not  

corcparable t o  tho o the r  two s e t s  Because of t h e  d i f fe renoe  i n  the  

ranlce of approxi!aetion but the viaual  iriipression of the  ~ l o s e n e s s  as 

r e v e d e d ' i n  Table 1 does 1e:ld Lo the  s t a t e d  conclusion.) The only 

exception zppears t o  be Kerala f o r  which the  l o ~ o r n a l  yields a 

b e t t e r  approximation thaj: the gmma but  ever i n  t h i s  case t h s  106 

 am aTpenre t o  perform best .  No c l e a r  ve rd io t  i s  pocs ib l r  i n  

respect  cf the cornparisor! betweon the canna an6 loxgamrra Laus. In 

ail r ~ r l i a r  stuGy .jrululrhcr,ii. 1 8 3  has a l s o  foun? the  supe r io r i ty  of 
I 

t i i s  A3Ki:lZL ovor the logrm?mal d i s t r ibu t ion .  'przbla 1 a l s o  shOws t h a t  
F 

the  10g1:orm:~l overes1;imates (with respec t  t;o the WSS da ta )  t h e  

t a i l  frcquenzies  at the expense cf t h e  m i d d l c r ~ o u p s  while the  

epyczrs t o  >e fFee cf such s y s t e m t i c  b iases  i n  pnduat ion .  

Turrinq t o  Table 3 we f ind  t5at, again with the except$on of 

i~ l e s s  than unj.ty i n  a l l  t he  Stztes .  This  i;.ipliee t53 t  all these 

d i a t r i l w t i o n s  have a decreasing f a i l u r e  r a t e ;  the  i n p l i c a t i o n s  of 

t h i s  examined 5.2 Section j below. Another interc-stin;:; faa*,; 



i s  t h a t  a is c l o s e  t o  one-half i n  a number of cases ;  t h i s  impl ies  

t h a t  a square-root t rans format ion  ( i n s t e a d  of t h e  logar i thmic  one) 

may make t h e  d i s t r i b u t i o n  approximate a normal d i s t r i b u t i o n .  Thus 

t h e  'square-root normal1 must a l s o  be  regarded as e c l o s e  compet i tor  

of t h e  locnornal .  

Befcre concludine t h i s  s e c t i o n  we must n o t e  t h a t  t h e  pmma 

a ~ p r o x f n a t i o n s  have been der ived  here  by usiw: simple i n t e r p o l a t i o n  

between t abu l a t ed  values;  t h e  approximations a r e  l i k e l y  t o  improve 

i f  b e t t e r  methods a r e  used. 

ESTIY2lTION F'LORENZ RATIO 

4.1. Some methods and r e s u l t s :  A commonly used formula f o r  es t imat ing  

the  Lorenz measure on t h e  bafiis of grouped d a t a  of t h e  NSS type i s  

h A 
where (x., x ) d e f i n e s  t h e  i - th  s i z e  c l a s s  and ~ ( x )  and Fl (x) 

1 i+l 

stand f o r  t h e  es t imated propor t ions  of households below x and t h e i r  

corresponding share  i n  t o t a l  r e s w c t i v e l y .  Pormu.la (13) i s  a ~ s i l y  

seen t o  be an hpproxinati:on t o  the  i n t e g r a l  (4): t h i s  i s  der ived  

on tkr b a s i s  ~f a two-point quzdrature  formula f o r  each u i ze  .woup. 

It i s  d i f f i c c l t  t o  p r e d i c t  t h e  s 5 p  of t h e  h i a s ' p r o h c e d  by (1'3) 

but  i t . i s  obvious t h a t  t h e  approximation is  l i k e l y  t o  be good only 

when t h e  width of t h e  s i z e  c1as:;es i s  narrow. 

A l t e rna t i ve ly  one car, employ equat ion (fir) t a k i n g  f o r  F(. ) 

and F, (. ) - t h e  s p ~ r , o x i m a t e  t h e o r e t l  c a l  f  orns.  The r e s u l t i n g  a ~ p r o x i -  
r 

mations t o  L w i l l  be only  as q o ~ d  as t h e  approximation of F(.: t o  

t h e  o r i i i n a l  dnta.  



Estimates of L bcsecl on f o r m l s e  ( 6 )  an2 (9)  ,re ziven below. 

Since concentrat ion r a t i o s  based on (10) corresponding t o  the  

loggamma l a w  i i p o r e  the range [0,x0] we have not computed then;. 

%hleA - L--. 

E s t i m t e s  of- Lorenz Rzt iq -- - 

- Since' the lognorm1 o v e r e s t i m t e s  the  t z i l s  m d  t h e  -.a 
I 

approximations a r e  on the whole b e t t e r  wc must conclude t h a t  t h e  

0--- -..a ---I- ,- -. -.- r r  -.--..--- 
S t a t e  S t a t e  

Andhra Pradesh 

assam 0.5779 Wysore 

Ei h a r  0.5525 Orissa I Gu jarzt O.907 8 0.6574 Pun jab 

est imates  based on the  l o , ~ o r m a l  have a stroq; upnr3. bias.  CVL the  

-- 
Estimate based on 
L o p w r n z l  G r n ~  

0,7345 0.6413 

0.7806 0.5934 --=I- 0.81 60 c.6349 

o ther  hand one might zrgue t h a t  even t h e  g m m a   proxi xi mat ions a s e  

t.5195 
0. C272 

0.7356 

0.7596 

Jnmm & Kashnir 

~ o r a l a  

Fadhya Psadesh 

Maharaehtrn 

not good enongh f o r  e s t i n n t i n g  rt summay measure l i k e  L. Ifoveqrer, 

0.7078 

0.6089 

0.6052 

0.6042 

P.6098 

0.6238 

0.8458 

0.,6930 

0.4P90i Rnjasthan 

we f ind  t h a t  ir, respect  of Jammu end ICashmir, Mah2rmhtra mri WL '?st 

0.5777 

C.6195 

Bengal the  canna 3pprnximt ions  z re  f a i r l y  closc. cm:l we may ttccei ~t 

Uttar P r d e s h  

West Eengal 

I 

the  corresponding e o t i n a t e s  of L as thc  b e s t  possible. By t he  szr le 

C. 6623 

token we f i n 2  t h e  l o p o r m a l  approximation t o  Kerzla floor2 enowk f o ~  ' 

est in~at in; ;  L. In  what follows we cliscuss the  concentration i n  t h e s e ?  

four  States .  



4.2. Adjustment f o r  the  l and les s  ca temry:  The Lorenz r a t i o s  

given i n  Table 4 r e f e r  t o  concentrat ion amow the  households owning 

some land. For c e r t a i n  purposes, however, i t  i s  necessary t o  

compute t h e  i n e p u a l i t i e ~  among the  o n t i r e  i n o l u d i q  the 

l andless  households. I f  F(.) is the c.d.f. corresponding t o  t h e  

d i s t r i b u t i o n  of land among the landed then 

where G(O) P p > 0 is t h e  proportion of l and les s  households i n  t h e  

t o t a l ,  g ives  the  c.d.f. of t he  d i e t r i b u t i o n  of land among 211 house- 

holds. The corresponding ' share '  d i s t r i b u t i o n  G,(x) is e a s i l y  seen 

t o  be equal t o  F ~ ( X )  and a simple corrputation of (4) leads  t o  

where Lp and LG a r e  the  Lorenz r a t i o s  corresponding t o  P(.) wd 

G(,) respect ively.  It is  interestin:: t o  no te  that (15) i s  va l id  

f o r  the  approximate r a t i o s  computed by formula (13); t h i s  has  been 

proved by V.H. 3ao 1 1  2 3  

It can be s imi l a r ly  shown t h a t  i f  

where H(X\ .md ~ ( x )  a r e  c.d.f.8 with supports  LO, xo] and (x,, m) 

respect ively and p i s  the  proportion of households below xo i n  the  

t o t a l  then 

LC = ~ - ~ a ( l - % )  - q b ( l - ~ F )  0.. (17) 

where q = 1-p, a = )(k/ end b = / J  /G, the  .,A's s tanding 

f o r  the corresponding means. 



Formula (17) cpn be employed f o r  c o m p u t i n ~  the  Lorem r a t i o  

of t h e  whole d i s t r i b u t i o n  whm i n  ( i 6 )  F(.> corresponds t o  a lo~cam 
* .  

but  then we wou-ld need knowledge of ~ ( . ) , t ! r e  d i s t r i b u t i o n  of land 
C 

i n  the  range ; 0 ,  xoj .  We have no t  a t temptrd  t o  zpproximate H(. ) 

i n  t h i s  paper. 

The concentra t ior .  co7.eure.z: zcljusted f o r  t h e  l a n d l e s s  cctegory 

i n  r e spec t  o f  t h e  f0u.r S t a t e s  mmticneci above a r e  ~ i v e n  below 

( ~ 2 b l e  5). 

Est imates  of&orenz Ratiz 
v- 

S t a t e  ~ ~ ~ r o k i n a -  ~ r o ~ o r t i o n  Lorenz b t i o  f o r  d i s t r i b u t i d  
t i o n  used of landless  among 

'not~seholds ~ a n d g ~  A l l  
I 

($1 households . ~ households 

Sourcc f o r  Col.. ( 3 )  : Ref eronce [9_7. 

Thc c ruda ly  es t imated vah l e s  of fi usin[? formla ( 1 3 )  cor~parabla 

t o  C O ~ .  (4) above, a r e  0..4749, 0.6655, 6513 acd 6205 r e spec t i ve ly  fof 

t h e  f o u r  S t z t c s  1 t o  4 l i s t e d ,  i n  t h e  zbove T?.bla. The l e s son  t o  

drzw i s  t h l t  i f  r m k i n g  i s  t h e  ob j ec t i ve  one must be extrercely 

c:mtious with cmd3 ne thods  snd f i t t e d  d i s t r i b u t i o n s  a l i k e ;  inferen= 

based on sunFzry nezsures zcqui re  pomc valii 'f  t j r  s n ly  vlicn t he  u n d e ~  

l y i n g  a p ~ r o x i m a t i o n s  a r e  ~ o o d  . 



5. SOME AKALYTICA&- ,AJ,PE'TS OF IITEQIJALITY 

5.1. Fa i lure  r a t e  m a l y s i s :  ' A s  w e  have seen one gene ra l i sa t ion  

thn t  emerges from t h i s  exerc ise  i s  t h a t  t h e  land d i s t r i b u t i o n s  a r e  

approximated well  by gamna d i s t r i b u t i o n s  with tha a parameter l e s s  
\ 

than unity.  Now it i s  well  known [2-7 t h a t  t h i s  implies t h a t  these 

d i s t r i b u t i o n s  have a decreasing f a i l u r e  r a t e  (DFR). This mema 

t h a t  the  c.d .f . I?(, ) i s  such t h a t  

where ~ ( t )  = 1 - ~ ( t ) ,  i s  decreasing i n  t f o r  x > 0 and t 2 0. Since 

the  gamma d i g t r i b u t i o n  has the dens i ty  f ( t )  given by (1) t h i s  i s  

equivalent t o  saying t h a t  

i s  decreasing i n  t (2 

(19) 

0). r(t) i s  ca l l ed  the  f a i l u r e  r a t e  of ~ ( t ) .  

This has i n t e r e s t i w  implicat ions f o r  the  skewness i n  the  

d i s t r i b u t i o n  F( . ). For, supgone the households a r e  srr ,mged i n  

c l a s ses  of e q m l  width x3 then we lclow t h a t  t he  t a i l  ~ ( t )  - t he  

proportion of households bey0nd.t - i s  a decreasing funct ion  of t. 

But (18) implies  tha t  t h e  frequency i n  each s i z e  group dec l ines  at  

a f a s t e r  r a t e  than the  corresponding t a i l  ~ ( t )  which is a prec ise  

descr ip t ion  of the  r e l a t i v e  abundance of t h e  small holdings a l l  along. 

A t  t he  s&e time as we have alrea2y noted t h o  share 

d i s t r i b u t i o n  F (. ) i u  gamrr,a (& +1, A )  hnd the  f i r s t  parameter being 
1 , 

grea te r  t h m  un i ty  implies thn t  F (.) hrs  can increasing f a i l u r e  
1 

r a t e  (IFR) L2J. This means t h a t  [ ~ ~ ( t + x )  - Fl( t ) ]  /il-~,(t!{ 
I - 



i s  i n c r e a s i n g  i n  t f o r  x  > 0  ,and t -- > 0. So v h i l e  the shzre  in t he  

tZil d e c l i n e s  a s  we  go slonr; t h e  Etcre:tge ~ x i s  t he  share  of t h e  

group8 (of width x )  i n c r e a s e s  a t  s r a t e  f a s t e r  than  t h e  r a t e  of 

d e c l i n e  of tb.e corresponding t a i l  share .  This  de sc r ibe s  t h e  r e l a t i v e  

' r i chnes s '  of t h e  large h a l d c r s  i n  t e r n s  of acrecage. We may 

paraphrase t h e  s i t u a t i o n  by say ing  t h a t  t h e  s t r e n g t h  of. t h e  smal l  

ho lders  l i e s  ir! t h e i r  r.uxber while t h e  s t r e n g t h  of t h e  lsrp holders  

l i e s  i n  t h e i r  we.%lth. 

For t h e  loynornal  d i s t r i b u t i o n  t h e  DFR ?roper ty  ho lds  only  

i n  t h e  l m g e - s i z e  rmgc and n o t  throughout (0 ,  m )  i r r e spec t i ve '  of 

t he  va lues  of t h e  gmnne to r s  [2J. Since t h i  sha re  d i s t r i b u t i o n  

i s  a l s o  locnornnl  it fol lows t h a t  t h e  corresponding f a i l u r e  r a t e  

decl,ines u l t i m z t e l y  (>ad docs n o t  i nc r ea se  2,s i n  t h ~  c x e  of t h e  

,yzmma). 

We s h a l l  now i m o s t i g a t e  the  behaviour .of the  loq(~amnz d i s t r i -  

bution.  S u p o s o  Y has a . lo~gzmna d i s t r i b u t i o n  vi t h  parameters 

( 1 )  Then lo:,; Y i s  g?m.tln 7~ , 3 )  mi! i f  w e  w r i t e  s ( t )  and 

r(t) f o r  the f r l i l u ro  r a t e s  of Y m d  X resp t -c t lve ly  i t  i s  easy t o  

Lct  u s  r e c a l l  t h a t  Table 3 t e l l s  us t h a t  f o r  t he  d i s t r i b u t i o n s  w e  

a r e  i n t e r s s t e d  i n  p> 1. Let US e x p l i c i t l y  cssune t h a t  13 >1. It 

follows t h % t  r(t) i s  an increas inf ;  f unc t i on  o f  t (>  . - 0). Fron (20) 

s f ( t )  < O i f f  r f ( l o g  t )  < r ( l o g  tj f o r  +, > 1 . . .  (21) 



By using t h e  e x p l i c i t  expression f o r  the  gmma dens i ty  (p , 2))  it  

i s  easy t o  show th3t  

r t ( t)  < r ( t )  i f f  r ( t j  < 7+3 - k!- f o r  t > O  t ... (22) 
But it i s  h o w  t h a t  when f3> 1 the  f a i l u r e  rate  r ( t )  of t h e  

corresponding gamma ( ,g ) i s  bounded above by 3E, p. 1g and 

therefore the  b o n d  i n e q u a l i t y  i n  (22; i s  automatically.  s a t i s f i e d  

when 9 - - 1  t > 0 o r  when , t > (3 -1. The equivalence (21 ) 

then i a p l i e s  t h a t  

s1( t )  < 0 f o r  t > exp( p -  1) 

and t hus .  the' logg-la with P > 1 , l i k e  the  lognormal, has the  DPR 

property i n  the  large-size range; s ince  the  share d i s t r5bu t ion  is 

a l s o  a loggamma with the srme $ parameter it has a similar property. 

5.2. A property o f  t h s  loggammaiLl~ 

W i s h  Bhattackzr jee  has r ecen t ly  proved the  following 

i n t e r e r  t i n g  theorem LjJ,, 
If F(.) i s  a. non-diacrete d i s t r ibu t io r ,  with a monotone 

f a i l u r e  rake (i.e. e i t h e r  DFR o r  IFR) and support  LO,^] then it 

has a unique representa t ian  

~ ( t )  = 1 - eqt l.(et) t > ~  - 0 .  (23)  

where 0 5 f' < m -ad L(. ) i s  slowly varying. 

We nay r e f e r  t o  F e l l e r  LA:2 f o r  the  concept if slowly 

vzrying funct ions . 
Now suppose t h a t  X has a loggamma d i s t r i b u t i o n  with xo = 1. 

If we wr i t e  ~ ( t )  a d  ~ ( t )  f o r  t h e  c.d.f .s of X m d  log  X respec t ive ly  



then F(.) corresponds t o  3 g,am'ila C i s t r i b u t i o n  which has  a nonotone 

f s i l u r o  rete 2nd hence F(.) s z t i s f i c  e (23). 4 . d  s i n c e  ~ ( t )  = I?(log t) 

ve then g e t  

Row it cam be shown [see  F e l l e r  174 7 p.279, problem 27) t h s t  i f  - 
3 ::rid V have c corir,!on d i s t r i b u t i o n  Y(.> satisf:yiny 

with L(.] s l o w l y  w ' y i n g  then 

Fron equa t ion  (24)  we see t h z t  ~ ( t )  t h e  c.d.f. of X s z t i s f i e s  

something s t r o n g e r  t h m  (25). Bence i f  X %m! Y have acornmn 

logezmrna 2 i s t r i b u t i o n .  t hen  (26) is  v ~ l i d  w i t h  X zqd T r e ~ l a c i n g  U 

m d  V r c s p e c t i v e l y  which c m  bes t  be pzraphmsed i n  Fe l l ox ' s  wcrils: 

''3oughly ape?kicgp a l a r g e  va luc  f o r  t h e  suc is l i k e l y  t o  be due 

t o  t he  con t r i bu t i on  of one of the two vario.51est'. 

This i s  i n t a  r e s t i n g  s s p e c t  of skewnoss which w a s  f i rs t  

he  chows t h a t  ce r t . z in  stable d i e t r i b u t i o z s  which a r e  consiflered t o  

be app rog r i a t c  i n  i n c m e  C i s t r i l ?u t i on  .analysis s a t i s f y  t h e  p roper ty  

(26). 

Thanks 3z~ dce ts re K. Sulcunarm 1Jair 2nd X. hrushothnmc~r? 
k i r  f o r  ya r t i c ipa t i ng .  i n  s o m  earl jr  compt r t t i ons l  experiments t h s t  
h2va l e d  t o  t h e  r e s u l t s  r epo r t ed  here. Inspir?.tion f o r  the  lcst 
s e c t i o n  was yrovided by KC3. 
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